Abstract-A simple Jerk circuit that allows studying chaotic dynamics in terms of theoretical variables ... x,ẍ, x and x, and their equivalent experimental outputs was modeled and implemented. The designed circuit presented a chaotic behaviour depending on the value of a single parameter A ∝ 1/R A. The variation of A allowed observing the occurrence of a fork trajectory and its evolution into chaos, facilitating to understand the chaotic behaviour in this easily implementable electrical circuit.
I. INTRODUCTION C URRENTLY, scientists from different fields are interested in studying chaotic behaviour associated with the dynamics of processes in various disciplines such as biology, chemistry, computer science, among others [1] . Therefore, it is essential developing theoretical models to understand the chaotic dynamics of such systems; that may be validated easily either by simulation, experimentation or both. Although in the literature there are many experimental tools based on electronic circuits that allow studying certain chaotic behaviors, usually they are quite complicated; as they may require several nonlinear elements in its construction, for example Chua [2] circuits. In addition, some of these circuits require inductances for implementation. These inductances, with its inherent impedances can introduce uncontrollable parameters and limit the applicability to the study of chaos. Therefore, in this work a relatively simple electronic circuit known as Jerk circuit, which does not require inductive elements and allows directly understanding some chaotic behaviors, is used [3] .
II. SYSTEM OF EQUATIONS JERK
The development of mathematical models for systems that exhibit chaotic behavior through nonlinear differential equations, with more than two dimensions and with appropriate values, both in their initial conditions and parameters, is well documented in the literature [4] , [5] , [6] , [7] . Despite the progress made in recent decades on the study of chaos, there are still many unanswered questions. For example: What are the minimum necessary and sufficient requirements, such that a dynamic system may exhibit chaotic behavior? The complete answer to this question is still unknown; although the necessary requirements are known. For example, the theorem of Poincare-Bendixson (PB) [8] explains that for the existence of chaotic behavior in a continuous time autonomous dynamic system, it is required at least three dimensions in phase space and at least one non linearity, as is expected of a typical chaotic nonlinear phenomenon. However there is no certainty, even for the simplest case of three-dimensional dynamical systems, on what is the degree of non-linearity sufficient for the existence of chaos. This is a reason why minimal functional forms to represent chaotic vector fields in three dimensions are not known yet and therefore, opens an unexplored research field [9] . The literature has already considered systems with a single non-linear term and it has been found that solutions become more "interesting" when the dimension of the flow, which represents the complete pattern of the trajectories in the phase space (x,ẋ) increases [10] . These systems may generate fixed points in one dimension, also they may generate saddle points, node points and limit cycles in two dimensions; also in three dimensions, they may generate strange attractors and be sensitive to initial conditions, and therefore it is possible to say that these systems have the general properties of chaos.
Sprott in 1994 found several simple equations that may have chaotic behavior and can be represented by threedimensional vector fields with five terms, including two non-linear terms; or six terms with a single quadratic or cubic non-linearity [11] . Later, in 1996 Gottlieb [12] reported that several models of Sprott may be redefined in an explicit third order form ... x = J(x,ẋ,ẍ), which called 'Jerk function'. The term Jerk, derived mainly by Schot [13] , involves the third derivative of the displacement, x, that in a mechanical system is the rate of change with respect to time of the acceleration of an object. This is the Jerk dynamics [14] , which can be described by a set of three simultaneous ordinary differential equations of first order, where the dependent variables are the 978-1-5090-2264-9/16/$31.00 ©2016 IEEE position x, velocityẋ and accelerationẍ. In general,
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Sprott called the last equation in (1) the Jerk equation [15] , where G(x) is a nonlinear function, while the parameters A and B are numerical constants, and found that for values of A ≈ 0, 6, and B ≈ 1 the solutions exhibit chaotic behavior for different functions G(x).
As can be seen, the main advantage of reducing a dynamic system into a Jerk system is that any ordinary differential equation can be redefined in terms of a system of coupled differential equations of first order; in general, the reverse is not true. This creates a connection between nonlinear dynamics in phase space in three dimensions and the one-dimensional dynamics of Jerk [16] . This connection has allowed studying some dynamical systems represented as Jerk equations that generate periodic solutions [17] .
It is also possible to reduce a system to a Jerk form for each of its phase space variables; however, there may be different Jerk ways of the same single dynamic system. Despite this, such a reduction is very important to study the dynamic behavior of certain chaotic or not chaotic nonlinear systems [18] . In fact, the systems described by Lorenz and Rössler, conventionally described as a set of three differential equations of first order, may also be combined in a single jerk equation; however, they are rather complicated and are not good candidates for a simpler Jerk function.
Sprott showed that the representation of a dynamic system in the Jerk form given in Eq. (1) is relatively simpler than any other in order to design an experimental electronic circuit. He also reported that all systems discovered and studied by him share a common route to chaos with double period.
Other studies have considered the Jerk function as a non-linear piecewise polynomial; for example, Linz and Sprott [19] have thoroughly researched a system that generates a dissipative chaotic flow which is algebraically simpler because it contains a nonlinearity represented by an absolute value, that is, ... x = −Aẍ − Bẋ + |x| − 1 and for A ≈ 0, 6 shows a chaotic behavior. It also states that this system, when it evolves into chaos, exhibits double period and resembles the quadratic jerk function. In a subsequent experimental study, Sprott again considered the case ... III. MODEL OF THE SYSTEM JERK Some Jerk systems found by Sprott have simple nonlinear functions that allow relatively easy electronic implementations. In addition, one of the most interesting properties of such systems is the ability to generate chaos [21] . Thus, the representation of a model through a jerk system using an electronic circuit has practical applications; for example, in the generation of chaotic signals for emulating security noises in a communications system [20] . This kind of circuit is easy to build, are re-scalable, analyzable, predictable and controllable with high accuracy.
The Jerk equation given in the list of Sprott, chosen in this paper to simulate an electronic circuit to study its chaotic dynamics through its strange attractors and bifurcation diagram was as follows:
...
It can be seen that in Eq. (2) there is a single nonlinearity, in the form of absolute value of the dynamic variable. Sprott and Linz [21] verified the chaotic behavior of this equation using parameters A ≈ 0, 6, B ≈ 1 and initial conditions,ẍ =ẋ = x = 0.
The chaotic behavior also exists if there are small variations in the values of A and B. By varying the value of A, the system may exhibit a double period when moving towards chaos; on the other hand, the value of B affects only the size of the attractor, and the basin of attraction proportionally to this value. If any of the terms of equation (2) is zero, there can be no chaos. The chaos also occurs if the signs of the last two terms of this equation are reversed, giving an attractor that is a mirror image of the original attractor on the plane x = 0. It has also been shown that chaos is possible if |x| is replaced with |x n |, |x| n or x 2n with n is a positive integer; or more generally any symmetrical inversion function f (x) = f (−x).
IV. DESCRIPTION OF THE CIRCUIT
Equation (2) is implemented in the form of an electronic circuit using the operational amplifier (Op-amp) TL082, rectifier diodes IN4007, and various resistors and capacitors, as illustrated in Fig. 1 . The TL082 was used to minimize drift due to offset and bias current. The inverting operational amplifiers, indicated in figure 1 as Opamp0, Op-amp1 and Op-amp2 are used as integrators for obtaining x, −ẋ andẍ from − ... x. The Op-amp3 is used as a unity gain amplifier. The parameter A shown in Eq. (2) allows relating the resistor R with the variable resistor R A , this is
The battery is 1 volt, while all the resistors have the same value, except R A . Also, all capacitors are of equal value.
In this Jerk circuit the power switches on and off repeatedly many times, until the capacitors are maintained in steady state conditions. Also, circuit trajectories could tend toward a basin of attraction where the dynamics would be unlimited; which could saturate the operational amplifiers and therefore it would be necessary to restart the circuit. However, one of the important characteristics of this Jerk circuit is that its dynamics can be manipulated through a single parameter; corresponding to the variable resistor R A , which is adjusted so that A is outside or within the region of chaos according to its Feigenbaum number [22] . The natural frequency of oscillation of the circuit is given by 1/(2πR A C).
V. RESULTS
For the numerical simulation of the Jerk system MatLab 2012 was used; in order to solve the system of differential equations and obtain x,ẋ andẍ for different values of the parameter A and B = 1.
In Fig. 2a the time response of the system is shown, while Fig. 2b corresponds to an attractor with period 1, for a value of A = 0.83 (R A = 1200 Ω). It is appreciated that in the system dynamics there is no chaotic behavior.
In Fig. 3 the time response and the attractor with period 2, for A = 0.69 (R A = 1450 Ω) is shown. The onset of chaotic behavior is shown.
In Fig. 4 the responses have period 4 for a value of A = 0.65 (R A = 1550 Ω), and it is possible to distinguish the chaotic dynamics of the system. While Fig. 5 shows the temporal response and attractor with period 6 for A = 0.58 (R A = 1730 Ω). The completely chaotic behavior is remarkable. The implementation of the Jerk circuit of Fig. 1 was conducted in the laboratory. To measure circuit outputs a 30 MHz analog oscilloscope was used. The value of each resistor R is 1 kΩ and the value of each capacitor C is 0.1 μF. A 3 kΩ potentiometer was used to give value to R A . The initial conditions, i 0 (t = 0), of the implemented circuit depend on many factors, such as offset voltages of the operational amplifiers, the remnants of the electric current and internal voltages of polarization of each operational amplifier, among other factors. Therefore, it is necessary to take into account that the initial conditions of the system may differ from zero when generating chaotic oscillations, when the circuit is initialized.
In figures 7, 8, 9 and 10 show the experimentally generated attractors for values of resistors R A = 1200 Ω, R A = 1450 Ω, R A = 1550 Ω and R A = 1730 Ω, respectively.
VI. CONCLUSIONS
The Jerk model circuit and its experimental implementation used in this paper present several practical advantages. On the one hand, the system of differential equations is simple, and its nonlinearity is easy to implement. The passive components are strictly linear and do not vary with time. Also, the number of circuit components is minimal and only robust components are used; easily accessible or with small substitutions. The design of the components and their tolerances are not critical factors. The circuit has been built successfully using electrolytic capacitors and low costs coal film resistors. The circuit presented an alternative of easy implementation to study chaotic behavior in dynamical systems.
The theoretical model used and its corresponding electronic assembly show matching results, as illustrated in the diagrams of the attractors. Its chaotic responses can be controlled by the parameter values A (or R A ), which controls progress towards chaos, thus facilitating the understanding of chaotic dynamics. 
